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In this paper, we use the results of a recent paper by Guralnick, Penttila,
 Ž . Praeger, and Saxl Proc. London Math. Soc. 78 1999 , 167214 to calculate an
explicit list of the maximal overgroups of the Singer elements in the finite special
linear, general unitary, special unitary, symplectic, and minus type orthogonal
groups.  2000 Academic Press
1. INTRODUCTION
Ž .It is well known that the general linear group GL q contains elementsd
of order q d  1. These elements are called Singer elements and the cyclic
subgroups generated by them are the Singer subgroups. The classification
Ž .of the maximal overgroups of the Singer subgroups in GL q was done byd
  Ž .William Kantor 10 , who proved that in a general linear group GL q ,d
every maximal overgroup of a Singer subgroup is an extension field type
Ž r .subgroup, that is, the normalizer of a subgroup isomorphic to GL q ,d r
where r is a prime divisor of d.
Ž . Ž .A Singer subgroup in SL q is the intersection of SL q with a Singerd d
Ž .subgroup of GL q . Singer subgroups can be defined also in otherd
Ž .classical subgroups of GL q as irreducible cyclic subgroups of maximald
possible orders. These are intersections of the classical groups with the
Ž .  Singer subgroups of GL q . As it was described by Huppert 8 , there ared
Singer subgroups in all symplectic groups, in the odd-dimensional unitary
groups, and in the minus type orthogonal groups. The other classical
1 Ž .Research supported by Hungarian Scientific Research Fund OTKA Grant T29132.
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groups do not contain irreducible cyclic subgroups. The orders of the
Singer subgroups in the classical groups are as in Table 1.
As is obvious from this table, the order of a Singer subgroup of a
Ž .classical group in GL q is always divisible by any primitive prime divisord
d Ž dof q  1. A prime number r is called a primitie prime diisor of q  1
if r divides q d  1 but does not divide q e 1 for any integer 1 e d
  d1. It was first shown by K. Zsigmondy 13 that q  1 always has a
Ž . Ž .primitive prime divisor except when d, q  6, 2 or d 2 and q is a
.Mersenne prime. It follows that the order of any maximal overgroup of a
Ž . dSinger subgroup is divisible by the primitive prime divisor s of q  1.
 Guralnick, Penttila, Praeger, and Saxl 5 classified all subgroups of the
Ž .general linear groups GL q having their orders divisible by a primitived
prime divisor of q e 1 for some d2 e d. In particular, by the above
line of reasoning, their results must include all the maximal overgroups of
Ž .the Singer elements of the classical subgroups of GL q , except those fewd
cases when q d  1 does not have any primitive prime divisors. In the
present paper we go through the list given by them to find these particular
maximal subgroups of the classical groups. As we will see, with finitely
Ž .many exceptions which will be described with more details in Section 2 ,
for a maximal overgroup H of a Singer subgroup in a classical group X,
one of the following holds:
Ž .i H belongs to the class of extension field type maximal sub-
Ž  .groups of X this is the class C in Aschbacher’s classification 1 .3
Ž . Ž .ii X Sp q with d, q even and H is the normalizer of ad
Ž . Žsubgroup isomorphic to  q thus H belongs to the class C ofd 8
 .maximal subgroups in 1 .
Ž .iii X is a general orthogonal group of minus type and H is a
subgroup of index 2 in X.
At this point I should mention that for many of the classical groups, this
 classification was already done by Malle, Saxl, and Weigel 11 . Here we do
not use their results, and our purpose is to obtain a complete classification
TABLE 1
dŽ . Ž . Ž .SL q q  1  q 1d
2 dŽ .  GU q d odd q  1d
2 dŽ .   Ž . Ž .SU q d odd q  1  q 1d
dŽ .Sp q q  12 d
 dŽ .GO q q  12 d
 dŽ .SO q q  12 d
 dŽ . Ž . Ž . q q  1 gcd 2, q 12 d
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for all classical groups mentioned in Table 1, including the low-dimen-
sional cases as well. I should also mention that as an alternative way, one
 could use the results of Hering 6, 7 as well. He classified all subgroups of
Ž .the general linear groups GL q containing an irreducible subgroup ofd
prime order, under the additional condition that some composition factor
of the linear group under consideration is isomorphic to a simple alternat-
ing or Chevalley group.
Our final result is the following:
Ž . Ž 2 .MAIN THEOREM. Suppose X is one of the groups SL q , GU q ,d d
Ž 2 . Ž . Ž . Ž . Ž .SU q , Sp q , GO q , SO q , and  q , with d	 2, and H X isd d d d d
a maximal oergroup of a Singer subgroup of X. Then one of the following
holds.
Ž .1 H is an extension field type subgroup of X ;
Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .42 X SL q and d, q 
 2, 2 , 2, 5 , 2, 7 , 2, 9 , 3, 4 ;d
Ž . Ž 2 . Ž . Ž . Ž . Ž .43 XGU q and d, q 
 3, 2 , 3, 3 , 5, 2 ;d
Ž . Ž 2 . Ž . Ž . Ž . Ž . Ž .44 X SU q and d, q 
 3, 2 , 3, 3 , 3, 5 , 5, 2 ;d
Ž . Ž . Ž .5 X Sp q with q een and  q H;d d
Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .46 X Sp q with d, q 
 2, 2 , 2, 5 , 2, 7 , 2, 9 , 4, 3 , 8, 2 ;d
Ž . Ž . Ž .7 XGO q , q odd and H SO q ;d d
Ž . Ž . Ž . Ž .8 XGO q  SO q , q een and H q ;d d d
Ž . Ž . Ž . Ž . Ž .49 XGO q and d, q 
 4, 3 , 6, 2 ;d
Ž .  Ž . Ž .4 Ž . Ž . Ž . Ž .410 X
 SO q ,  q and d, q 
 4, 3 , 6, 2 , 6, 3 .d d
2. THE EXCEPTIONAL CASES
In this section we review those maximal subgroups involved in the
Ž . Ž . Ž . Ž . Ž .exceptional cases of the Main Theorem, that is, cases 2 , 3 , 4 , 6 , 9 ,
Ž .  and 10 . Much of the information below is obtained from 2 , and by
 calculations using the GAP program 4 .
Ž . Ž . Ž .In SL 2  Sp 2  S , there is one Singer subgroup of order 32 2 3
which is obviously a maximal subgroup.
Ž . Ž .In SL 5  Sp 5 , there are two conjugacy classes of maximal sub-2 2
groups containing Singer elements, that is, elements of order 6. One class
Ž .consists of subgroups of index 5, isomorphic to SL 3 , and the other class2
consists of the extension field type subgroups. These are subgroups of
²  6index 10, isomorphic to the group defined by the presentation x, y x  1,
3 2 1 1:x  y , y xy x .
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Ž . Ž .In SL 7  Sp 7 , every maximal subgroup containing an element of2 2
order 8 is a central extension of S by Z , and there are two conjugacy4 2
classes of them.
Ž . Ž .In SL 9  Sp 9 , every maximal subgroup containing an element of2 2
Ž .order 10 is isomorphic to SL 5 , and there are two conjugacy classes of2
these subgroups.
Ž .In SL 4 , there are three conjugacy classes of maximal subgroups3
Ž .containing elements of order 21. These are all conjugate in GL 4 and3
Ž . Ž Ž .they have a structure of SL 2  3 that is, an extension of SL 2 by a3 3
.cyclic group of order 3 .
Ž 2 . Ž 3 4.In GU 2 which is a solvable group of order 648 2  3 , the Singer3
elements are of order 9. Each of them has one maximal overgroup of order
162, namely, the normalizer of the unique Sylow 3-subgroup containing the
Ž 2 .given Singer element. In SU 2 , there are three conjugacy classes of3
elements of order 3: the Singer elements and the two non-identity scalar
Ž 2 .matrices. Notice that SU 2 is a semidirect product of its Sylow 3-sub-3
group with a quaternion group of order 8, and every maximal overgroup of
a Singer element is of order 108 and is one of the three maximal subgroups
containing the Sylow 3-subgroup.
Ž 2 . Ž 2 . ŽIn GU 3  Z  SU 3 , the extension field type subgroups which3 4 3
Ž ..are isomorphic to Z  Z  Z  Z  Z are not maximal; their3 28 4 3 7
Ž .maximal overgroups are isomorphic to Z  PSL 7 . These intersect with4 2
Ž 2 . Ž 2 . Ž .SU 3  PSU 3 in subgroups isomorphic to PSL 7 . In both of these3 3 2
cases the maximal overgroups mentioned above form one conjugacy class
of subgroups.
Ž 2 . ŽIn GU 5 , the extension field type subgroups which are isomorphic to3
Ž . .Z  Z  Z  Z  Z are maximal, and they are the only maxi-3 126 3 7 18
mal subgroups containing elements of order 53 1 126. However, their
Ž 2 . Ž Ž .intersections with SU 5 which are isomorphic to Z  Z  Z  Z3 3 21 3 7
. Ž 2 . Z are not maximal any more in SU 5 . Their maximal overgroups3 3
are isomorphic to a triple cover of A , and there are three conjugacy7
classes of such maximal subgroups.
Ž 2 . Ž 2 . ŽIn GU 2  Z  SU 2 , the extension field type subgroups which5 3 5
Ž ..are isomorphic to Z  Z  Z  Z  Z are not maximal; their5 33 3 5 11
Ž .maximal overgroups are isomorphic to Z  PSL 11 . These intersect3 2
Ž 2 . Ž 2 . Ž .with SU 2  PSU 2 in subgroups isomorphic to PSL 11 .5 5 2
Ž . ŽIn Sp 3 , beside the extension field type subgroups isomorphic to4
Ž ..Z  Sp 9 , there is another conjugacy class of maximal subgroups that2 2
contain elements of order 32 1 10. This conjugacy class consists of
Ž .subgroups of index 27, with their image in PSp 3 isomorphic to A 4 5
Ž .4Z .2
Ž .In Sp 2 , there are three conjugacy classes of maximal subgroups8
containing elements of order 24 1 17. One of these conjugacy classes
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Ž .consists of the subgroups isomorphic to O 2 : 2; another one is the set of8
Ž Ž ..extension field type subgroups isomorphic to Z  Sp 4 ; and the third2 4
Ž .one consists of subgroups isomorphic to PSL 17 .2
Ž .In GO 3  Z  S , the Singer elements have order 10 and each of4 2 6
Ž .them has three maximal overgroups: SO 3  Z  A , and two sub-4 2 6
Ž .groups isomorphic to Z  S . Similarly, any Singer element of SO 3 has2 5 4
Ž . Ž .three maximal overgroups in SO 3 :  3  A , and two subgroups4 4 6
Ž .isomorphic to Z  A . And in  3 , the Singer elements have two2 5 4
maximal overgroups, both isomorphic to A .5
Ž . Ž .In GO 2  SO 2 , the order of a Singer subgroup is 9. Beside6 6
Ž . 2 , there are two conjugacy classes of maximal overgroups of Singer6
Ž .subgroups both of them consist of subgroups of order 1296 : the extension
Ž 2 .field type subgroups, isomorphic to Z GU 2 , and the subgroups2 3
Ž .isomorphic to the wreath product GO 2  S . Their intersections with2 3
Ž . 2 form the set of maximal overgroups of the Singer elements in6
Ž . 2 .6
Ž .In GO 3 , the Singer elements have order 28 and their only maximal6
Ž .overgroups are the extension field type subgroups together with SO 3 . In6
Ž .SO 3 , the order of the Singer elements is also 28. Besides the extension6
Ž Ž 2 . Ž 2 ..field type subgroups that are isomorphic to GU 3  Z  SU 3 ,3 4 3
there are two other conjugacy classes of maximal subgroups containing
Singer elements; these consist of groups isomorphic to an extension of the
Ž . Ždouble cover of PSL 4 with Z . Not a semidirect product, but its image3 2
Ž . Ž . . Ž .in PSO 3 is isomorphic to Z  PSL 4 . In  3 , the order of the6 2 3 6
Singer elements is 14. There are seven conjugacy classes of maximal
subgroups containing Singer elements. One is the conjugacy class of
Ž 2 .extension field type subgroups isomorphic to Z  SU 3 ; there are two2 3
Ž .conjugacy classes of groups isomorphic to the double cover of PSL 4 , and3
four conjugacy classes of subgroups isomorphic to Z  A .2 7
3. LINEAR GROUPS WITH ORDERS DIVISIBLE BY A
PRIMITIVE PRIME DIVISOR OF q d  1
 In this section we review those results of Guralnick et al. 5 that are
relevant to our purposes. As we mentioned earlier, they have classified all
linear groups with orders divisible by a primitive prime divisor of q e 1,
where e is any integer greater than d2 and less than or equal to d. We
only need those linear groups with e d. Let us denote the set of these
Ž . Ž .subgroups of GL q by S d, q .d
Ž .The set S d, q can be broken into a union of four of its subsets the
following way,
S d , q  S d , q  S d , q  S d , q  S d , q ,Ž . Ž . Ž . Ž . Ž .1 2 3 4
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S d , q  G
 S d , q G has a normal subgroup isomorphic toŽ . Ž .1
SL q , Sp q , SU q , or  q ,4Ž . Ž . Ž . Ž .d d d d
S d , q  G
 S d , q G is a subgroup of a proper extensionŽ . Ž .2
field type subgroup of GL q ,4Ž .d
S d , q  G
 S d , q GN S for a 2-subgroup SŽ . Ž . Ž .3 GL Žq.d
of symplectic type of exponent 4 ,4
S d , q  G
 S d , q G S d , q  S d , q  S d , q andŽ . Ž . Ž . Ž . Ž .4 1 2 3
SG G ZŽ .
Aut S for a finite nonabelian simple group S .4Ž .
Ž .Here Z denotes the subgroup of scalar matrices in GL q .d
Ž . mIf G
 S d, q , then d 2 for some integer m	 1, r d 1 is a3
Ž . fFermat prime which implies that m has to be a power of 2 , q p with
p and f odd, and one of the following holds:
Ž . Ž . Ž . 12 m1 d	 4, p 1 mod 4 , G S  M Z with S 42 0
Ž .Z D  D and M  Sp 2 ,4 8 8 0 2 m
Ž . Ž . 12 m2 G S  M Z with S 2 D  D Q and M 0 8 8 8 0
 Ž .O 2 ,2 m
Ž . Ž . 12 m3 d	 4, G S  M Z with S 2 D  D and M0  8 8 0
 Ž .O 2 .2 m
Ž . f Ž . Ž .If G
 S d, q with d	 3 and q p , then SG G Z Aut S4
for a nonabelian simple group S, and one of the following holds:
Ž .1 d r 1 for a prime number r	 5 such that r is a primitive
prime divisor of q r1 1 and G is isomorphic to a subgroup of S d2
Z ,q1
Ž .2 d 3, p 5, and S A ,7
Ž .3 d 4 and S A ,5
Ž .4 d 4 and S A ,6
Ž .5 d 4 and S A ,7
Ž .6 d 4, p 2, and S A ,8
Ž . Ž .7 d 6, p 1 mod 7 , and S A ,7
Ž .8 d 5, p 3, and SM ,11
Ž .9 d 10 and SM ,11
Ž .10 d 10 and SM ,12
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Ž .11 d 10 and SM ,22
Ž .12 d 11, p 2, and SM ,23
Ž .13 d 22, p 3, and SM ,23
Ž .14 d 11, p 2, and SM ,24
Ž .15 d 6, p	 5, and S J ,2
Ž .16 d 9, p 2, and S J ,3
Ž .17 d 18, p 15, and S J ,3
Ž .18 d 28 and S Ru,
Ž . Ž .19 d 12, p 1 mod 6 , and S Suz,
Ž . Ž .20 d 6, p 2, and SG q ,2
Ž . 2 Ž .21 d 4, p 2, and S B q ,2
Ž . Ž .22 d 12, p 2, and SG 4 ,2
Ž . Ž . Ž 2 . Ž .23 d 4, p 1 mod 6 , and S PSU 2  PSp 3 ,4 4
Ž . Ž . Ž 2 .24 d 6, p 1 mod 6 , and S PSU 3 ,4
Ž . Ž .25 d 6, p 2, and S PSL 4 ,3
Ž . Ž n . Ž .26 d s  1  s 1  1 for some prime power s coprime to q
and a prime number n	 3 such that r d 1 is a prime, and S
Ž .PSL s ,n
Ž . Ž n . Ž .27 d s  1  s 1  1 for some prime power s coprime to q
and a prime number n	 3 such that r d 1 is a prime, and S
Ž 2 .PSU s ,n
Ž . Ž n .28 d s  1 2 with s an odd prime power, coprime to q and
b Ž .n 2 	 2 such that r d 1 is a prime, and S PSp s ,2 n
Ž . c c29 d 2 , c 2 	 4 such that r d 1 is a prime, q is odd,
Ž .and S PSL d ,2
Ž . Ž .30 d	 6, d 1 is a prime, and S PSL d 1 ,2
Ž . Ž .31 d	 3, 2 d 1 is a prime power, and S PSL 2 d 1 .2
We should mention that in most of these cases there are additional
conditions for q or d, but for simplicity reasons we will not consider them,
as long as it is not necessary for our calculations.
4. LINEAR GROUPS HAVING ELEMENTS OF ORDER
EQUAL TO THE ORDER OF A SINGER ELEMENT
OF A CLASSICAL GROUP
Ž . Ž .LEMMA 1. Let G be a maximal subgroup of SL q  Sp q containing2 2
Ž f .an element of order q 1 q p , p a prime number , and assume that
 4 Ž .q 2, 5, 7, 9 . Then G is an extension field type subgroup in SL q .2
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Ž . Ž .Proof. If q 3, then the Singer elements of SL q  SL 3 are of2 2
order 4 and their only maximal overgroup is the unique Sylow 2-subgroup
Ž . Ž .of SL 3 , which is actually an extension field type subgroup of SL 3 2 2
Ž . Ž . Ž .Sp 3 . If q 4, then SL q  SL 4  A and the order of the Singer2 2 2 5
subgroups is 5; hence their only maximal overgroups are the dihedral
Ž .groups of order 10, which are the extension field type subgroups of SL 4 .2
Ž .From now we assume that q	 8. Let Z denote the center of GL q .2
Ž .Since G contains an element of order q 1, the image of G in PSL q ,2
Ž .  Ž .Ž .G G Z , must contain an element of order 1gcd q 1, 2 q 1 . It
Ž . Ž .is known that G G Z , as a maximal subgroup of PSL q , has to be2
Ž .  Ž .isomorphic to either a dihedral group of order 2 q 1  gcd q 1, 2 , or
Ž e. Ž e.A , S , A , PSL p , or PGL p for some divisor e of f with e f.4 4 5 2 2
Ž Ž .Further details about the classification of maximal subgroups of PSL q2
  .can be found, for example, in Suzuki 12 . The largest element order in
Ž e. e  Ž .Ž .PL p is p  1, which is always less than 1gcd q 1, 2 q 1 ;2
Ž . Ž e. Ž e.therefore, G G Z cannot be isomorphic to PSL p or PGL p .2 2
Ž . Ž 2 . Ž .Next assume that G G Z  A . Then q q  1  0 mod 5 ; oth-5
Ž .erwise, PSL q would not contain a subgroup isomorphic to A . And2 5
 Žsince the largest element order in A is 5, we must have 1gcd q5
.Ž . Ž .1, 2 q 1  5. This implies q 9, and notice that PSL 9  A does2 6
have maximal subgroups isomorphic to A , which are not of extension5
field type.
Ž . 2 Ž .Now assume that G G Z  S . Then q  1 mod 16 is a neces-4
sary condition for q, and the largest element order in S is 4, so we must4
 Ž .Ž . Ž .have 1gcd q 1, 2 q 1  4. This implies q 7. If G G Z 
 Ž .Ž .A , then 1gcd q 1, 2 q 1  3 and q 5.4
Ž .Finally, G G Z cannot be isomorphic to the dihedral group of
Ž .  Ž .  4 Ž .order 2 q 1  gcd q 1, 2 , so if q 2, 5, 7, 9 , then G G Z is
Ž .  Ž .isomorphic to the dihedral group of order 2 q 1  gcd q 1, 2 , in
Ž . Ž .which case G is an extension field type subgroup in SL q  Sp q .2 2
m f Ž .LEMMA 2. Suppose 2 d 2 	 4, q p with p, f odd, G
 S 2 d, q ,3
1 dŽ . Ž . Ž .and G contains an element of order q  1 . Then 2 d, q  4, 3 .2
Ž . Ž .Proof. Since G 
 S 2 d, q , G  M  S  M Z with S 3 0
Ž .Z D  D , M  Sp 2 , or S D  D Q and M 4 8 8 0 2 m 8 8 8 0     
m m 1
 Ž .  Ž .O 2 , or S D  D and M O 2 . Then S  M contains an2 m 8 8 0 2 m 0  
m
1 1d dŽ . Ž Ž .  .element of order q  1 , since gcd q  1 , Z  1. On the other2 2
hand, the largest element orders in S and M are less than or equal to 40
12 m d 2 m dŽ . Ž .and 2  1, respectively; therefore q  1  4 2  1 and q 2
22 m3. Since q is odd, we must have 3d  22 m3, so 2 m1 d log 2 3
2Ž . Ž .2m 3   2m 3 , which implies m 4. Since m is a power of 23
d 2  itself, it follows that m d 2. Now q  1 q  1 must divide 2  S 
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  2 m3  Ž .  11 2 Ž 2 11.M , which divides 2  Sp 2  2  3  5. Since gcd q  1, 2 0 2 m
2, we have that q2 1 divides 2  32  5 90. The only solution for this is
Ž . Ž .q 3, in which case 2 d, q  4, 3 .
Ž .DEFINITION 1. For a finite group X, let m X denote the maximum of
the orders of the elements of X.
In the proofs of the following lemmas, we will often use the Atlas of
  Ž Ž ..Finite Groups 2 to determine the value of m Aut S for various finite
Ž Ž ..simple groups S. We will also use some trivial upper bounds for m Aut S
in the cases where S is a classical simple group of dimension d over F ,q
Ž Ž ..  Ž .  Ž Ž ..  Ž . namely, that in this case m Aut S  Out S  m GL q  Out S d
Ž d .q  1 . We must mention that with a little bit of extra work one could
find much better upper bounds, but it does not belong to the purposes of
this paper and it would not significantly reduce our calculations.
We will also use a basic fact from elementary group theory, that if
Ž . Ž Ž ..S PSL q with q	 5, then m Aut S  q 1.2
Ž .LEMMA 3. Suppose d	 3 is an odd integer, GGL q , and G con-d
Ž d . Ž .tains an element of order q  1  q 1 . Then one of the following holds:
 Ž .SL q G;d
 Ž .G is a subgroup of a proper extension field type subgroup of GL q ;d
 Ž . Ž .d, q  3, 4 .
Ž . Ž .Proof. Obviously, G
 S d, q . Since d is odd, G S d, q , and if3
Ž . Ž .G
 S d, q , then G contains SL q . Hence we only need to check the1 d
Ž . Ž . Ž .case G
 S d, q . Given that d is odd, we need to deal with Cases 2 , 8 ,4
Ž . Ž . Ž . Ž . Ž . Ž .12 , 14 , 16 , and 31 . Since SG G Z Aut S for a finite
Ž d . Ž .simple group S and G contains an element of order q  1  q 1 , it
follows that
1 q d  1
m Aut S 	 Ž .Ž . d q 1gcd q 1, q  1  q 1Ž .Ž .Ž .
1 q d  1
  . 4.1Ž .
gcd q 1, d q 1Ž .
Ž . Ž Ž ..Case 2 . Assume that d 3, p 5, and S A , so m Aut S 7
Ž .  Ž . Ž 2 .m S  12. Therefore, 1gcd q 1, 3  q  q 1  12, but this does7
not happen for any positive power of p 5.
Ž . Ž Ž ..Case 8 . Assume that d 5, p 3, and SM , so m Aut S 11
Ž .  Ž . Ž 4 3 2 .m M  11. Therefore, 1gcd q 1, 5  q  q  q  q 1  11.11
Again, this does not happen for any positive power of p 3.
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Ž . Ž .Cases 12 and 14 . Assume that d 11 and SM or M , so23 24
Ž Ž ..  Ž . Ž 11 . Ž .m Aut S  23, and therefore 1gcd q 1, 11  q  1  q 1 
23. However, no prime power q satisfies this inequality.
Ž . Ž Ž ..Case 16 . Assume that d 9 and S J , so m Aut S  34, and3
 Ž . Ž 9 . Ž .therefore, 1gcd q 1, 9  q  1  q 1  34. Again, this does not
happen for any prime power q.
Ž .Case 31 . Assume that d	 3 is an odd integer such that 2 d 1 is a
Ž . Ž Ž ..prime power, and S PSL 2 d 1 . Then m Aut S  2 d 2, and we2
must have
1 q d  1
  2 d 2. 4.2Ž .
gcd q 1, d q 1Ž .
Ž . Ž .If q 2, then this condition implies d 3 and S PSL 7 GL 2 2 3
Ž . Ž . Ž .GL q , and GGL q , contradicting G
 S d, q . If q	 3, then wed d 4
must have 3d2 q d2  2 d 2, which implies d 4, that is, d 3.
2Ž . Ž . Ž . Ž .Then 4.2 means q  q 1 gcd q 1, 3  8, hence d, q  3, 4 .
Ž 2 .LEMMA 4. Suppose d	 3 is an odd integer, GGL q , and Gd
Ž d . Ž .contains an element of order q  1  q 1 . Then one of the following
holds:

2 2Ž . Ž .G has a normal subgroup isomorphic to SL q or SU q ;d d

2Ž .G is a subgroup of a proper extension field type subgroup of GL q ;d
 Ž . Ž . Ž . Ž . Ž .4d, q 
 3, 2 , 3, 3 , 3, 5 , 5, 2 .
Ž 2 . Ž . Ž .Proof. Obviously, G
 S d, q or d, q  3, 2 . Since d is odd, G
Ž 2 . Ž 2 .S d, q , and if G
 S d, q , then G has a normal subgroup isomorphic3 1
Ž 2 . Ž 2 .to SL q or SU q . Hence we only need to check the case G
d d
Ž 2 . Ž . Ž . Ž .S d, q . Given that d is odd, we need to deal with Cases 2 , 8 , 12 ,4
Ž . Ž . Ž . Ž . Ž .14 , 16 , and 31 . Since SG G Z Aut S for a finite simple
Ž d . Ž .group S and G contains an element of order q  1  q 1 , it follows
that
1 q d  1
m Aut S 	 Ž .Ž . 2 d q 1gcd q  1, q  1  q 1Ž .Ž .Ž .
1 q d  1
  . 4.3Ž .
gcd q 1, d q 1Ž .
Ž . Ž Ž ..Case 2 . Assume that d 3, p 5, and S A , so m Aut S 7
Ž .  Ž . Ž 2 .m S  12. Therefore, 1gcd q 1, 3  q  q 1  12, which im-7
2 Ž . Ž . Ž 2 .plies q  q 1 36 and hence d, q  3, 5 . Indeed, SU 5 has sub-3
groups isomorphic to the triple cover of A .7
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Ž . Ž Ž ..Case 8 . Assume that d 5, p 3, and SM , so m Aut S 11
Ž .  Ž . Ž 4 3 2 .m M  11. Therefore, 1gcd q 1, 5  q  q  q  q 1  11.11
4 3 2 Ž .Since q  q  q  q 1 11 for q	 3, we must have gcd q 1, 5
 Ž . Ž 4 3 2 . 5, which implies q	 9 and 1gcd q 1, 5  q  q  q  q 1
	 1181, a contradiction.
Ž . Ž .Cases 12 and 14 . Assume that d 11 and SM or M , so23 24
Ž Ž ..  Ž . Ž 11 . Ž .m Aut S  23, and therefore 1gcd q 1, 11  q  1  q 1 
23. However, no prime power q satisfies this inequality.
Ž . Ž Ž ..Case 16 . Assume that d 9 and S J , so m Aut S  34, and3
 Ž . Ž 9 . Ž .therefore, 1gcd q 1, 9  q  1  q 1  34. Again, this does not
happen for any prime power q.
Ž .Case 31 . Assume that d	 3 is an odd integer such that 2 d 1 is a
Ž . Ž Ž ..prime power, and S PSL 2 d 1 . Then m Aut S  2 d 2, and we2
must have
1 q d  1
  2 d 2. 4.4Ž .
gcd q 1, d q 1Ž .
d Ž . Ž . Ž .If q 2, then this implies 2  1 gcd 3, d  6  d 1  18 d 1
Ž 2 . Ž .and thus d 3 or 5. Notice that if d 3, then GL q GL 4 has ad 3
Ž .subgroup isomorphic to PSL 7 , and it trivially contains elements of order2
Ž d . Ž . Ž 3 . Ž 2 .q  1  q 1  2  1 3 3. And if d 5, then GL q d
Ž . Ž .GL 4 has a subgroup isomorphic to PSL 11 and it contains elements of5 2
Ž d . Ž . Ž 5 .order q  1  q 1  2  1 3 11.
d Ž . Ž .Ž . ŽIf q	 3, then we have q  1 gcd q 1, d  2 d 1 q 1  d
. 3 Ž Ž .Ž . Ž . 1 q . For if q 3, then 2  gcd q 1, d q 1  8  gcd 4, d  8
Ž .Ž . Ž .2 3 .and if q	 4, then 2  gcd q 1, d q 1  2 q 1  q . This implies
d3 d3 Ž . 23  q  d 1, and thus d 3. Now by inequality 4.4 , q  q 1
Ž . Ž . Ž . 8  gcd q 1, 3  24 and q 5. Notice that for d, q  3, 3 ,
Ž 2 . Ž . Ž .GL q GL 9 contains subgroups isomorphic to PSL 7 , and thesed 3 2
Ž 3 . Ž .subgroups obviously contain elements of order 3  1  3 1  7. But
Ž . Ž . Ž 2 . Ž .for d, q  3, 5 , GL q GL 25 has no subgroup G containingd 3
Ž d . Ž . Ž .elements of order q  1  q 1  21 such that G G Z 
Ž Ž .. Ž .Aut PSL 11  PL 11 .2 2
LEMMA 5. Suppose d	 2 is an integer, q is an een prime power,
Ž . dGGL q , and G contains an element of order q  1. Then one of the2 d
following holds:
 Ž . Ž .G contains a normal subgroup isomorphic to SL q , Sp q , or2 d 2 d
 Ž . q ;2 d
 Ž .G is a subgroup of a proper extension field type subgroup of GL q ;2 d
 Ž . Ž . Ž . Ž .42 d, q 
 4, 2 , 6, 2 , 8, 2 .
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Ž . Ž . Ž .Proof. Obviously, G
 S 2 d, q or 2 d, q  6, 2 . Since q is even,
Ž . Ž .G S 2 d, q and if G
 S 2 d, q , then G contains a normal subgroup3 1
Ž . Ž .  Ž .isomorphic to SL q , Sp q , or  q . Hence we only need to check2 d 2 d 2 d
Ž .the case G
 S 2 d, q . Given that 2 d and q are even, we need to deal4
Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .with Cases 1 , 3  6 , 9  11 , 18 , 20 , 21 , 26  28 , 30 , and 31 .
Ž . Ž .Since SG G Z Aut S for a finite simple group S and G con-
tains an element of order q d  1, it follows that
q d  1
dm Aut S 	  q  1. 4.5Ž . Ž .Ž . dgcd q 1, q  1Ž .
Ž .Case 1 . Assume that 2 d r 1 for a prime number r	 5 such that
r is a primitive prime divisor of q r1 1 and G is isomorphic to a
subgroup of S  Z . Notice that in this case d	 2. Since r is2 d2 q1
coprime to q 1, every element in S  Z with order divisible by r2 d2 q1
Ž . Ž . must be of the form  , t with some r-cycle  in S . Then  , t2 d2
Ž . ddivides r q 1 . Now since r divides q  1 and by our assumption G has
d d Ž .an element of order q  1, it follows that q  1 divides r q 1 . And
Ž d . dsince gcd q  1, q 1  1, we must have q  1 r 2 d 1. That is,
d Ž . Ž .q  2 d, which implies 2 d, q  4, 2 .
Ž . Ž . Ž . Ž .Cases 3 , 4 , 5 , and 6 . Assume that 2 d 4 and S A for somen
Ž Ž .. 2 Ž . Ž .5 n 8, so 15	m Aut S 	 q  1. Then obviously 2 d, q  4, 2 .
Ž . Ž . Ž . Ž .Cases 9 , 10 , 11 , and 18 . Assume that 2 d 10 or 28 and SM ,11
Ž Ž .. d 5M , M , or Ru. Then 29	m Aut S 	 q  1	 q  1, a contradic-12 22
tion.
Ž . Ž .Case 20 . Assume that 2 d 6 and SG q . For q	 4, the largest2
Ž . 2odd element order in G q is q  q 1. This can be seen, for example,2
Ž n.  from the description of maximal subgroups of G 2 by Cooperstein 3 .2
Ž .Hence the largest odd element order in Aut S cannot be more than
 Ž .  Ž 2 . Ž . Ž 2 . 3Out S  q  q  1  log q  q  q  1 . However, q  1 2
Ž . Ž 2 .log q  q  q 1 for any even prime power q. Notice that if q 2,2
Ž . Ž .  Ž .then GL q GL 2 does contain a subgroup isomorphic to G 2 2 d 6 2
Ž 2 . Ž Ž  Ž ... d 3 Ž  Ž ..PSU 3 and m Aut G 2  12 q  1 2  1 9, but Aut G 23 2 2
does not have elements of order 9.
Ž . 2 Ž . Ž .Case 21 . Assume that 2 d 4 and S B q  Sz q . As is well2
Ž  .known see Huppert and Blackburn 9 , the Suzuki groups admit a
'partition into subgroups that are either cyclic of order q 2 q  1 or
2-groups of exponent 4 or isomorphic to the multiplicative group of F .q
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Ž . 'Hence m S  q 2 q  1, and we have
q2 1m Aut SŽ .Ž .
' Out S  q 2 q  1Ž . Ž .
' log q  q 2 q  1 .Ž . Ž .2
If we write q 22 n1 with n	 1, then this inequality can be rewritten as
24 n2  2n 1  22 n1 2 n1 1 ,Ž . Ž .
and it clearly does not hold for any positive integer n.
Ž . Ž n . Ž .Case 26 . Assume that 2 d s  1  s 1  1 with s an odd
prime power and n an odd prime such that r 2 d 1 is also a prime,
Ž . b Ž Ž ..and S PSL s . Write s a with a a prime. Then m Aut S n
 Ž .  Ž . Ž n .Out S  m S  2b s  1 , so we must have
2 d  q d  1 2b sn 1  2 b sn 1Ž . Ž .
 s sn 1  s s 1 2 d 1  s2 2 d 1Ž . Ž . Ž . Ž .
 2 d 2 d 1 .Ž .
This implies d 8 and thus sn1 s 1 2 d 1 17. Given
that s is odd and n	 3, the only solution to this is s n 3. Then
Ž 3 . Ž . d 62 d  3  1  3  1  1  12 and q  1  q  1 	 65 while
Ž Ž Ž ...m Aut PSL 3  13, a contradiction.3
Ž . Ž n . Ž .Case 27 . Assume that 2 d s  1  s 1  1 with s an odd
prime power and n an odd prime such that r 2 d 1 is also a prime,
Ž 2 .and S PSU s . Thenn
1
n1 n2 n2d  s  s  s 	 s 	 s.Ž .
2
Again, write s ab with a a prime number. By a trivial argument,
m Aut PSU s2 m L s2  2b s2 n 1  s s2 n 1Ž . Ž . Ž . Ž .Ž . Ž .Ž .n n
2n s s  1Ž .
2 2 2 2 s s 1 2 d 1  d d 1 2 d 1 .Ž . Ž . Ž . Ž .
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d d Ž .2Ž .2Hence we have 2  1 q  1 d d 1 2 d 1 , which implies d
 25 and sn1 sn2 1 2 d 1 51. Given that n is an odd
prime and s	 3, it follows that n 3, so s2 s 1 51, and therefore,
s 7. We will handle the cases s 7, s 5, and s 3, separately.
Ž 3 . Ž . Ž 2 .If s 7, then 2 d 7  1  7 1  1 42 and S PSU 7 . Ac-3
  Ž Ž Ž 2 ...cording to the Atlas of Finite Groups 2 , m Aut PSU 7  56, but3
56 q d  1 q21  1 for any prime power q, a contradiction.
Ž 3 . Ž .If s 5, then 2 d 5  1  5 1  1 20 and r 2 d 1 is not a
prime number, contrary to our assumption.
Ž 3 . Ž . Ž 2 .If s 3, then 2 d 3  1  3 1  1 6 and S PSU 3 . Ac-3
  Ž Ž Ž 2 ...cording to the Atlas of Finite Groups 2 , m Aut PSU 3  12, hence3
12	 q d  1 q3 1 and q 2. But as we already mentioned at Case
Ž Ž 2 .. 320, Aut PSU 3 does not have elements of order 2  1 9.3
Ž . Ž n .Case 28 . Assume that 2 d s  1 2 with s an odd prime power,
b Ž .n 2 	 2 such that r 2 d 1 is a prime, and S PSp s . By a trivial2 n
argument,
m Aut PSp s m L s  s s2 n 1  s2 n1 ,Ž . Ž . Ž .Ž . Ž .Ž .2 n 2 n
hence q d  1 s2 n1. Then
n 4 10s 4 d1 4 d 2 n1 n2  2  2  q  2  s  2  s ,Ž . Ž .
which implies sn 61. Given that s is odd and n 2 b, it follows that
Ž 2 .n 2 and s 7. If s 7, then 2 d 1 7  1 2 1 25 is not a
prime.
Ž 2 . Ž .If s 5, then 2 d 5  1 2 12 and S PSp 5 . Again, by the4
  Ž Ž Ž ... d 6Atlas of Finite Groups 2 , m Aut PSp 5  30, but 30 q  1 q 4
1 for any prime power q, a contradiction.
Ž 2 . Ž .If s 3, then 2 d 3  1 2 4 and S PSp 3 . By the Atlas of4
  Ž Ž Ž ... d 2Finite Groups 2 , m Aut PSp 3  12, hence 12	 q  1 q  1 and4
Ž . Ž . Ž . Ž .2 d, q  4, 2 . However, S PSp 3 is not involved in GL 2 .4 4
Ž .Case 30 . Assume that 2 d	 6, 2 d 1 is a prime number, and S
Ž .PSL 2 d 1 . Then2
2 d  1 q d  1m Aut PSL 2 d 1  2 d 2,Ž .Ž .Ž .2
but this inequality does not hold for any integer d	 3.
Ž .Case 31 . Finally, assume that 2 d	 4 such that 4d 1 is a prime
Ž .power and S PSL 4d 1 . Then2
2 d  1 q d  1m Aut PSL 4d 1  4d 2,Ž .Ž .Ž .2
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Ž . Ž .hence 2 d 4 and q 2. If d 2, then GL q GL 2  A in-2 d 4 8
Ž .deed does have a subgroup isomorphic to PSL 9  A , which contains2 6
d Ž . Ž .elements of order 2  1 5. If d 3, then Aut S  PL 13 does not2
3 Ž .have elements of order 2  1 9 and PSL 13 is not even involved2
Ž . Ž . Ž .in GL q GL 2 . If d 4, then S PSL 17 does contain ele-d 6 2
ments of order 24 1 17 and has an eight-dimensional representation
over F .2
LEMMA 6. Suppose d	 2 is an integer, q is an odd prime power,
1 dŽ . Ž .GGL q , and G contains an element of order q  1 . Then one of2 d 2
the following holds:
 Ž . Ž .G contains a normal subgroup isomorphic to SL q , Sp q , or2 d 2 d
 Ž . q ;2 d
 Ž .G is a subgroup of a proper extension field type subgroup of GL q ;2 d
 Ž . Ž . Ž .42 d, q 
 4, 3 , 6, 3 .
Ž . Ž .Proof. Obviously, G
 S 2 d, q . If G
 S 2 d, q , then G contains a1
Ž . Ž .  Ž .normal subgroup isomorphic to SL q , Sp q , or  q . If G
2 d 2 d 2 d
Ž . Ž . Ž .S 2 d, q , then 2 d, q  4, 3 by Lemma 2.3
Ž .For the rest of the proof, we only need to check the case G
 S 2 d, q .4
Ž . Ž . Ž .Given that 2 d is even and q is odd, we need to deal with Cases 1 , 3  5 ,
Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž7 , 9 , 10 , 11 , 13 , 15 , 17  19 , and 22  31 . Since SG G
. Ž .Z Aut S for a finite simple group S, and G contains an element of
1 dŽ .order q  1 , it follows that2
q d  1
m Aut S 	 .Ž .Ž . 1 d2  gcd q 1, q  1Ž .Ž .2
1 dŽ Ž ..Since gcd q 1, q  1 is 1 or 2 depending on the congruence class of2
q d  1 modulo 4, this inequality is equivalent to
q d  1m Aut S  gcd 4, q d  1 . 4.6Ž . Ž .Ž . Ž .
Ž .Case 1 . Assume that 2 d r 1 for a prime number r	 5 and G is
isomorphic to a subgroup of S  Z . As in the proof of Lemma 5,2 d2 q1
1 d dŽ . Ž . Ž .Ž .q  1 must divide r q 1  2 d 1 q 1 and thus q  1 di-2
1 dŽ . Ž Ž ..vides 2 2 d 1  gcd q 1, q  1 , which is either 4d 2 or 8d 4.2
d d Ž . Ž . Ž .In particular, 3  q  8d 4, hence d 3 and 2 d, q  6, 3 or 4, 3 .
Ž . Ž . Ž .Cases 3 , 4 , and 5 . Assume that 2 d 4 and S A for somen
Ž Ž .. Ž . 25 n 7, so m Aut S  12 and by 4.6 we have q  1 12 
Ž 2 . Ž . Ž .gcd 4, q  1  24. Hence 2 d, q  4, 3 .
Ž . 3Case 7 . Assume that 2 d  6 and S  A . Then q  1 7
Ž Ž .. Ž 3 . Ž . Ž .m Aut A  gcd 4, q  1  12  4 48 and 2 d, q  6, 3 . Notice that7
there exists a six-dimensional representation of A over F .7 3
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Ž . Ž . Ž . Ž . Ž . Ž . Ž .Cases 9 , 10 , 11 , 13 , 17 , 18 , and 19 . Assume that 2 d	 10 and
Ž . 5 dSM , M , M , M , J , Ru, or Suz. Then by 4.6 , q  1 q  111 12 22 23 3
Ž Ž ..m Aut S  4 160, a contradiction.
Ž . 3Case 15 . Assume that 2 d 6, S J , and p	 5. Then q  12
Ž Ž ..m Aut J  4 96, another contradiction.2
Ž . Ž . Ž Ž ..Case 22 . Assume that 2 d 12 and SG 4 , so m Aut S  242
6 Ž 6 .and q  1 24  gcd 4, q  1  48. But this does not hold for any
prime power q.
Ž . Ž . Ž .Case 23 . Assume that 2 d 4, p 1 mod 6 , and S PSp 3 . Then4
Ž Ž .. 2 Ž 2 .m Aut S  12, so q  1 12  gcd 4, q  1  24. This is a contradic-
tion again, since q	 7.
Ž . Ž . Ž 2 .Case 24 . Assume that 2 d 6, p 1 mod 6 , and S PSU 3 .4
Ž Ž .. 3 Ž 3 .Then m Aut S  28, so q  1 28  gcd 4, q  1  28  4 112. A
contradiction again, since q	 7.
Ž . Ž . Ž Ž ..Case 25 . Assume that 2 d 6 and S PSL 4 . Then m Aut S 3
3 Ž . Ž .21 and we must have q  1 21  4 84, hence 2 d, q  6, 3 .
Ž . Ž n . Ž .Case 26 . Assume that 2 d s  1  s 1  1 for some prime
power s coprime to q and a prime number n	 3 such that r 2 d 1 is
Ž . b Ž Ž ..a prime, and S PSL s . Write s a with a a prime. Then m Aut Sn
Ž Ž .. Ž n . Ž n . Ž . 2b  m PGL s  2b s  1  s s  1 and by 4.6 ,n
q d  4 s sn 1  4 s s 1 2 d 1  4 s2 2 d 1  8d 2 d 1 .Ž . Ž . Ž . Ž . Ž .
This implies d 5, so sn1 sn2 s 2 d 10. Given that n	 3,
Ž . Ž 3 . Ž .it follows that n 3, s 2, S PSL 2 , and 2 d 2  1  2 1  13
Ž . 3 Ž Ž Ž ... Ž 3 . 6. Now by 4.6 , q  1m Aut PSL 2  gcd 4, q  1  8  4 32,3
Ž . Ž . Ž .so q 3 and 2 d, q  6, 3 . Notice that PSL 2 does have a six-dimen-3
sional representation over F .3
Ž . Ž n . Ž .Case 27 . Assume that 2 d s  1  s 1  1 for some prime
power s coprime to q and a prime number n	 3 such that r 2 d 1 is
Ž 2 . b Ž Ž ..a prime, and S PSU s . Write s a with a a prime. Then m Aut Sn
Ž Ž 2 .. Ž 2 n . Ž n .2 Ž .2Ž .2 m L s  2b s  1  s s  1  s s  1 2 d  1 andn
Ž Ž .. Ž .5 Ž . d d Ž .5since 2 d	 s, m Aut S  2 d 1 . By 4.6 , then 3  q  4 2 d 1 ,
n2 Ž n . Ž .which implies d 17. Hence s  s  1  s 1  1 2 d 34.
Given that n	 3, it follows that either n 5 and s 2 or n 3 and
s 5.
Ž 2 . Ž 5 . ŽSuppose n 5 and s 2; then S PSU 2 and 2 d 2  1  25
. Ž . 5 Ž Ž Ž 2 ...1  1 10. By 4.6 , q  1m Aut PSU 2  4 24  4 96, but5
this inequality does not hold for any odd prime power q.
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Ž 3 . Ž .Suppose n 3 and s 5; then r 2 d 1 5  1  5 1  21,
not a prime number, contrary to our assumption.
Ž 2 . Ž 3 . ŽSuppose n 3 and s 4, then S PSU 4 and 2 d 4  1  43
. Ž . 6 Ž Ž Ž 2 ... Ž 6 .1  1 12. By 4.6 , q  1m Aut PSU 4  gcd 4, q  1  16  23
 32, but this inequality does not hold for any prime power q.
Ž 2 . Ž 3 . ŽSuppose n 3 and s 3; then S PSU 3 and 2 d 3  1  33
. Ž . 3 Ž Ž Ž 2 ...1  1 6. By 4.6 , q  1m Aut PSU 3  4 12  4 48, hence3
Ž . Ž . Ž 2 . Ž .q 3 and 2 d, q  6, 3 . Notice that PSU 3 : 2G 2 does have a3 2
six-dimensional representation over F ; however, it is contained in a3
proper extension field type subgroup.
Ž 3 . Ž .If n 3 and s 2, then 2 d 2  1  2 1  1 2, which case is
not considered in this lemma.
Ž . Ž n .Case 28 . Assume that 2 d s  1 2 with s an odd prime power,
coprime to q and n 2 b	 2 such that r 2 d 1 is a prime number,
Ž . Ž Ž .. Ž Ž .. Ž Ž ..and S PSp s . Then m Aut S m L s  s  m GL s 2 n 2 n 2 n
Ž 2 n . Ž . d Ž 2 n . 2 n1 ns s  1 and by 4.6 , q  1 4 s s  1  4 s . Put a s , then
n 4 4a s 4 d1 d 2 n1 9 8 n4 9 102  2  2  2 q  2 4 s  2 s  2 a .Ž .Ž .
That is, 2 a9  a10 and this implies a sn 70. Given that s is odd
and n 2 b	 2, we must have n 2 and s 7. If s 7, then 2 d 1
Ž 2 .7  1 2 1 25 is not a prime, contrary to our assumption.
Ž 2 . Ž . Ž .If s 5, then 2 d 5  1 2 12 and S PSp 5 . By 4.6 ,4
q6 1m Aut PSp 5  gcd 4, q6 1  30  2 60,Ž .Ž . Ž .Ž .4
a contradiction, for any prime power q.
Ž 2 . Ž . Ž .If s 3, then 2 d 3  1 2 4 and S PSp 3 . By 4.6 we must4
2 Ž Ž Ž ... Ž 2 .have q  1m Aut PSp 3  gcd 4, q  1  12  2 24, and q 3.4
Ž .However, in this case G
 S 2 d, q .1
Ž . c cCase 29 . Assume that 2 d 2 , c 2 	 4 such that r 2 d 1 is a
Ž .prime, and S PSL 2 d . Then2
q d  1m Aut PSL 2 d  gcd 4, q d  1  2 d 1  2 4d 2.Ž . Ž .Ž . Ž .Ž .2
That is, 3d  4d 1, and thus d 2 and c 2, a contradiction.
Ž . ŽCase 30 . Assume that 2 d	 6, 2 d 1 is a prime, and S PSL 2 d2
. 1 . Then
q d  1m Aut PSL 2 d 1  4 2 d 2  4 8d 8.Ž . Ž .Ž .Ž .2
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d Ž . Ž .That is, q  8d 7, hence d 3, q 3, and S PSL 7 . So 2 d, q 2
Ž . Ž .6, 3 and notice that PSL 7 does have a six-dimensional representation2
over F .3
Ž .Case 31 . Assume that 2 d	 4, 4d 1 is a prime power, and S
Ž .PSL 4d 1 . Then2
q d  1m Aut PSL 4d 1  4 4d 2  4 16d 8.Ž . Ž .Ž .Ž .2
That is, q d  16d 7, hence d 3 and either d q 3 or d 2 and
2 Ž Ž Ž ... Ž 2 .q  1m Aut PSL 9  gcd 4, q  1  10  2 20, again implying2
Ž . Ž . Ž .q 3. Therefore 2 d, q  4, 3 or 6, 3 .
5. PROOF OF THE MAIN THEOREM
Ž .First let G be a maximal subgroup of SL q containing an element ofd
Ž d . Ž .order q  1  q 1 . Then by Lemmas 3, 5, and 6, one of the following
holds:
 Ž .G is a proper extension field type subgroup of SL q ;d
 Ž . Ž . Ž .G
 S d, q and d, q  4, 3 ;3
 Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .4G
 S d, q and d, q 
 3, 4 , 4, 2 , 6, 2 , 8, 2 , 4, 3 , 6, 3 .4
Ž . Ž .The case d, q  3, 4 is discussed in Section 2. If q 2, then by
Kantor’s classification of the maximal overgroups of Singer elements in the
 general linear groups 10 , G has to be a proper extension field type
Ž . Ž . Ž 4 . Žsubgroup. If d, q  4, 3 and G contains elements of order 3  1  3
. Ž . 1  40, then the image of G in PSL 3 would contain elements of4
 order 20. In the Atlas of Finite Groups 2 , there is a complete list of
Ž .maximal subgroups of PSL 3 , from which one can easily see that G must4
be an extension field type subgroup.
Ž . Ž .If G
 S 6, 3 , then by the proof of Lemma 6, SG G Z 4
Ž .  Ž . Ž . Ž .4Aut S for some S 
 A , PSL 4 , PSL 2 , PSL 13 . This implies7 3 3 2
Ž Ž .. Ž .m Aut S  21, while G G Z should contain elements of order
Ž 6 . Ž .12  3  1  3 1  182, a contradiction.
Ž 2 . Ž 2 .Next, assume that G is a maximal subgroup of GU q or SU qd d
Ž d . Ž .containing an element of order q  1  q 1 . Then by Lemma 4,
Ž . Ž .either G is a proper extension field type subgroup or d, q 
 3, 2 ,
Ž . Ž . Ž .43, 3 , 3, 5 , 5, 2 . The second case is fully described in Section 2.
Ž .Now assume that G is a maximal subgroup of Sp q and G contains2 d
an element of order q d  1. Then by Lemmas 5 and 6, either G is a
proper extension field type subgroup, or G contains a normal subgroup
 Ž . Ž . Ž . Ž . Ž . Ž . Ž .4isomorphic to  q , or 2 d, q 
 4, 2 , 6, 2 , 8, 2 , 4, 3 , 6, 3 . The2 d
Ž . Ž . Ž .cases 2 d, q  4, 3 and 8, 2 are examined in Section 2.
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Ž .In Sp 2  S , there are two conjugacy classes of maximal subgroups4 6
containing elements of order 22 1 5, both of them consisting of
subgroups isomorphic to S . Notice that one of these conjugacy classes is5
the set of extension field type subgroups and the other one represents
Ž . Ž .GO 2 . Similarly, in Sp 2  A , there are two conjugacy classes of4 4 6
Ž .maximal subgroups isomorphic to A containing elements of order 5.5
Ž .From the description of maximal subgroups of Sp 2 in the Atlas of6
 Finite Groups 2 , one can see that there are only two conjugacy classes of
maximal subgroups containing elements of order 23 1 9, one repre-
Ž .senting GO 2 and the other one consisting of the extension field type6
Ž .subgroups isomorphic to Z  Sp 8 .3 2
Ž . Ž . Ž .If 2 d, q  6, 3 , then the image of G in PSp 3 should contain an6
1 3Ž .element of order 3  1  14. From the complete list of conjugacy2
Ž .  classes of maximal subgroups of PSp 3 in the Atlas 2 , we see that only6
three conjugacy classes consist of subgroups with their orders divisible by
14. Two of them are the extension field type subgroups corresponding to
the two prime divisors of 6, and there is one conjugacy class of maximal
Ž . Ž .subgroups isomorphic to PSL 13 . However, PSL 13 does not have2 2
elements of order 14.
  Ž .  Ž .  Ž .4Finally, assume that X
 GO q , SO q ,  q and G is a2 d 2 d 2 d
maximal subgroup of X containing some Singer elements of X. Then by
Lemmas 5 and 6, either G is a proper extension field type subgroup, or G
 Ž . Ž . Ž . Ž . Ž . Ž . Ž .contains  q , or 2 d, q  4, 2 , 6, 2 , 8, 2 , 4, 3 , or 6, 3 . The cases2 d
Ž . Ž . Ž . Ž .2 d, q  6, 2 , 4, 3 , and 6, 3 are examined in Section 2.
Ž . Ž .Notice that GO 2  SO 2  S and their Singer elements are of4 4 5
Ž .order 5. Their maximal overgroups are  2  A and the extension field4 5
Ž . Ž .type subgroups isomorphic to Z  Z . Similarly, in  2 the only4 5 4
maximal overgroups of Singer elements are those of extension field type
Ž .isomorphic to D .10
Ž . Ž .If 2 d, q  8, 2 , then we can refer again to the description of the
Ž .  maximal subgroups of  2 in the Atlas of Finite Groups 2 . There is8
only one conjugacy class of maximal subgroups with orders divisible by
4 Ž2  1 17, namely, the extension field type subgroups. And if G is a
Ž . Ž . Ž .maximal subgroup of GO 2  SO 2 different from  2 and con-8 8 8
Ž .taining elements of order 17, then by the above, G 2 which is a8
subgroup of index two in Ghas to be an extension field type subgroup of
Ž . Ž . . 2 ; hence the same holds for G in GO 2 . This completes the proof.8 8
REFERENCES
1. M. Aschbacher, On the maximal subgroups of the finite classical groups, Inent. Math. 76
Ž .1984 , 469514.
ARON BERECZKY´206
2. J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker, and R. A. Wilson, ‘‘Atlas of Finite
Groups,’’ Clarendon Press, Oxford, 1985.
Ž n. Ž .3. B. N. Cooperstein, Maximal subgroups of G 2 , J. Algebra 70 1981 , 2336.2
4. The GAP Group, ‘‘GAPGroups, Algorithms, and Programming, Version 4,’’ Aachen,
Ž .St. Andrews, 1998 http:www-gap.dcs.st-and.ac.uk gap .˜
5. R. Guralnick, T. Penttila, C. E. Praeger, and J. Saxl, Linear groups with orders having
Ž .certain large prime divisors, Proc. London Math. Soc. 78 1999 , 167214.
6. C. Hering, Transitive linear groups and linear groups which contain irreducible subgroups
Ž .of prime order, Geom. Ded. 2 1974 , 425460.
7. C. Hering, Transitive linear groups and linear groups which contain irreducible subgroups
Ž .of prime order, II, J. Algebra 93 1985 , 151164.
Ž .8. B. Huppert, Singer-Zyklen in Klassischen Gruppen, Math. Z. 117 1970 , 141150.
9. B. Huppert and N. Blackburn, ‘‘Finite Groups,’’ Vol. III, Springer-Verlag, Berlin, New
York, 1982.
Ž .10. W. M. Kantor, Linear groups containing a Singer cycle, J. Algebra 62 1980 , 232234.
Ž .11. G. Malle, J. Saxl, and T. Weigel, Generation of classical groups, Geom. Ded. 49 1994 ,
85116.
12. M. Suzuki, ‘‘Group Theory,’’ Vol. I, Springer-Verlag, Berlin, New York, 1982.
Ž .13. K. Zsigmondy, Zur Theorie der Potenzreste, Monatsh. Math. Phys. 3 1892 , 265284.
